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Abstract There are several Teichmiiller spaces associated to a surface of infinite topolog-
ical type, after the choice of a particular basepoint (a complex or a hyperbolic structure on
the surface). Such spaces include the quasiconformal Teichmiiller space, the length spectrum
Teichmiiller space, the Fenchel-Nielsen Teichmiiller space, and there are others. In general,
these spaces are set-theoretically different. An important question is therefore to understand
relations between them. Each of these spaces is equipped with its own metric, and under
some hypotheses, there are inclusions between them. In this paper, we obtain local met-
ric comparison results on these inclusions, namely, we show that the inclusions are locally
bi-Lipschitz under certain hypotheses. To obtain these results, we use some hyperbolic geom-
etry estimates that give new results also for surfaces of finite type. We recall that in the case of
a surface of finite type, all these Teichmiiller spaces coincide setwise. In the case of a surface
of finite type with no boundary components (but possibly with punctures), we show that the
restriction of the identity map to any thick part of Teichmiiller space is globally bi-Lipschitz
with respect to the length spectrum metric on the domain and the classical Teichmiiller metric
on the range. In the case of a surface of finite type with punctures and boundary components,
there is a metric on the Teichmiiller space which we call the arc metric, whose definition is
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analogous to the length spectrum metric, but which uses lengths of geodesic arcs instead of
lengths of closed geodesics. We show that the restriction of the identity map to any “relative
thick” part of Teichmiiller space is globally bi-Lipschitz, with respect to any of the three
metrics: the length spectrum metric, the Teichmiiller metric and the arc metric on the domain
and on the range.

Keywords Teichmiiller space - Teichmiiller metric - Quasiconformal metric - Length
spectrum metric - Fenchel-Nielsen coordinates - Fenchel-Nielsen metric

Mathematics Subject Classification (2000) 32G15 - 30F30 - 30F60

1 Introduction

This paper concerns surfaces of finite and of infinite topological type. The results are different
in each case, and we treat them separately. We start with the case of surfaces of infinite type.

Let ¥ be a surface of infinite topological type, that is, a surface obtained by gluing a
countably infinite number of generalized pairs of pants along their boundary components.
Here, a generalized pair of pants is a sphere with three holes, a hole being either a point
removed (giving rise to a puncture) or an open disk removed (giving rise to a boundary com-
ponent). The hyperbolic structures we consider on X are such that the boundary components
are closed geodesics and the punctures are cusps, that is, punctures admit neighborhoods
that are quotients of regions of the form {(x, y)|y > a} of the upper-half plane model of the
hyperbolic plane by an isometry of the form z — z + 1.

There are several Teichmiiller spaces associated with such a surface ¥, with several inclu-
sions between them, and different metrics on them. We are interested in comparing these
metrics, in cases where a comparison can be done. This paper is a continuation of the work
donein [2] and [3], in which we introduced a space we called the Fenchel-Nielsen Teichmiiller
space, which is equipped with a metric we called the Fenchel-Nielsen metric. In these papers,
we compared this metric with the Teichmiiller metric. The definition of the Fenchel-Nielsen
Teichmiiller space of ¥ depends on the choice of a base hyperbolic surface (considered as a
basepoint for Teichmiiller space) and of a pair of pants decomposition of that surface. Our
work is also in the spirit of [12], in which we studied the various metrics on Teichmiiller
spaces of surfaces of infinite topological type. In the present paper, we mainly consider the
question of local metric comparison between the Fenchel-Nielsen metric, the quasiconformal
metric and the length spectrum metric.

Teichmiiller spaces can be seen as parameter spaces for conformal structures on . We
will always consider these conformal structures as endowed with their intrinsic metric. This
is a hyperbolic metric in the given conformal class, and it was defined by Bers. In the case of
a Riemann surface with empty ideal boundary but which may have punctures (that is, ends
with neighborhoods conformal to punctured discs), the intrinsic metric coincides with the
Poincaré metric. But in the case of a Riemann surface with nonempty ideal boundary the
two metrics do not coincide, see the end of Sect. 4 of [2] for the definition and a discussion.
Endowing a Riemann surface with its intrinsic metric will allow us to use techniques from
hyperbolic geometry, like the existence of geodesic pair of pants decompositions and of Fen-
chel-Nielsen coordinates. A geodesic pair of pants decomposition of a hyperbolic surface is
a decomposition into pairs of pants, that is, spheres with three holes, by curves that are closed
geodesics on the surface, and where each pair of pants in the decomposition can have 1, 2 or
3 geodesic boundary components, the other holes being cusps.
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‘We note that in order to use Fenchel-Nielsen coordinates on a surface X, we need to show
that given a topological pair of pants decomposition P = {C;};=1 2, of £ and a hyperbolic
metric on X, there exists a unique geodesic pair of pants decomposition in which all the
closed curves are homotopic to those in P. This is not true for general hyperbolic metrics.
One problem is that union of the geodesics obtained by replacing each curve C; of P by its
geodesic representative might not be closed, and there are other problems. In [2] we discussed
this question and we gave a necessary and sufficient condition on hyperbolic structures on
surfaces of infinite type to have a geodesic pair of pants decomposition. We called this con-
dition Nielsen-convexity. One way of stating that result is to say that a hyperbolic metric
satisfies this property if and only if it is the intrinsic metric of some conformal structure.
This is the reason why in what follows we shall consider only hyperbolic metrics that are
intrinsic in the sense we defined. We note that we proved in [2] that a hyperbolic surface is
Nielsen-convex if and only if it is a convex core. An intrinsic metric is a convex core. This
was proved by Bers, who showed that every Riemann surface is the Nielsen kernel of some
Riemann surface (that he calls the Nielsen extension). To prove the existence of the Nielsen
extension, Bers used the intrinsic metric on the surface, he showed that it is a convex core, and
he then obtained the Nielsen extension by gluing to this convex core funnels and half-planes.
The only fact that is useful to us here is that the intrinsic metric is Nielsen convex.

A hyperbolic metric § on X has Fenchel-Nielsen coordinates ((Is(C;), 0s(C;)))i=1....
with respect to P, using the notation of [2]. For the convenience of the reader, the definition
of these coordinates as well as the precise definitions of the three Teichmiiller spaces that we
mentioned above are recalled in Sect. 2 below.

We consider a conformal structure Sp on ¥ which we consider as the basepoint of Teich-
miiller space. We denote by (T4.(So), dyc) the quasiconformal Teichmiiller space equipped
with the corresponding metric, and by (T;4(So), djs) the length-spectrum Teichmiiller space
equipped with its metric. We also let P = {C;};—1 2. . be a fixed pair of pants decomposition
of ¥ and we denote by (Trn(So), dry) the resulting Fenchel-Nielsen Teichmiiller space
equipped with its metric. The Fenchel-Nielsen Teichmiiller space depends on the choice of
P, but we will not mark this dependence explicitly unless this is necessary. Hence the space
TN (So) and its metric are not intrinsic objects associated to Sy but they constitute a useful
tool to study the other spaces, because Ty (So) has explicit coordinates and it is isometric
to the sequence space £°°. We shall recall the definitions in Sect. 2.

We note that in this paper we consider the reduced Teichmiiller space theory. This means
that if the ideal boundary of Sy is non-empty (see e.g. [16] for the definition of the ideal
boundary), a Teichmiiller space of ¥ is a set of equivalence classes of marked Riemann
surfaces up to homotopy, with the homotopy being free on the boundary components.

Given a hyperbolic structure S and a simple closed curve C on X, we denote by /5(C)
the length of the unique S-geodesic in the homotopy class of C. In the case where S is a
conformal structure on X, then we denote by /s(C) the length of the unique geodesic in the
homotopy class of C with respect to the intrinsic metric associated to S.

We say that a conformal structure S is upper-bounded with respect to P if there exists a
constant M > 0 such that for any simple closed curve C; in P, we have [5(C;) < M.

We say that a conformal structure is upper-bounded if it is upper-bounded with respect
to some pair of pants decomposition, or if it is upper-bounded with respect to a pair of pants
decomposition P which is understood.

A marked conformal structure (respectively a marked hyperbolic structure) on X is a pair
(f, S) where S is a surface homeomorphic to ¥ equipped with a conformal (respectively a
hyperbolic structure) and f : ¥ — § a homeomorphism. A marked conformal (respectively
hyperbolic) structure on S induces a conformal (respectively hyperbolic) structure on the
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surface ¥ itself by pull-back. Conversely, a conformal (respectively hyperbolic) structure
on § can be considered as a marked hyperbolic surface, by taking the marking to be the
identity homeomorphism of X. Using this formalism, an element of Teichmiiller space is
then an equivalence class of marked conformal (respectively hyperbolic) structures (f, S)
where the equivalence relation ~ is defined by (f, §) ~ (f, §’) if there exists a conformal
homeomorphism (respectively an isometry) i : S — S’ such that & o f is homotopic to f’.
We shall use the notation [ f, S] to denote the equivalence class of the marked surface (f, S).
In [2, Theorem 8.10], we proved the following:

Theorem 1.1 Let Sy be a conformal structure on X, and suppose that Sy is upper-bounded.
Then we have a set-theoretic equality T,c(So) = Trn(So). Furthermore, the identity map

J (T4e(S0), dge) 3 [f, S+ (Us(Ci), 05(Ci)))iz1 2. € (TEn(S0), dFn)

is a locally bi-Lipschitz homeomorphism.

Since the metric d gy on the Fenchel-Nielsen Teichmiiller space T gy (Sp) makes this space
isometric to the sequence space £°°, Theorem 1.1 gives a locally bi-Lipschitz homeomor-
phism between the quasiconformal Teichmiiller space (T (So), dis) and £°°. An analogous
result was proved by Fletcher in [8], in the setting of non-reduced Teichmiiller spaces.

One of our goals in this paper is to give a local comparison result between the Fenchel-
Nielsen metric and the length spectrum metric. The latter metric, in the setting of surfaces
of infinite type, was first studied by Shiga in [17]. A famous lemma due to Wolpert (see the
exposition in [1]) implies that for any hyperbolic surface Sy, we have a natural inclusion

Tge(So) = Ti5(So) ey

given by the identity map, and that this map is 1-Lipschitz, that is, for any two elements S
and S’ in T (So), we have dj (S, S') < dyc(S, S'). We note by the way that in general, this
inclusion map is not surjective (see [12] for an example).

Theorem 1.1, combined with Wolpert’s result, gives the following:

Theorem 1.2 Let Sy be a conformal structure on ¥ which is upper-bounded. Then, for any
S in Trn(So), there exists a neighborhood N of S in Tpn(So) and a constant C > 0 that
depends only on N such that for any S" and S” in N, we have

dis(8',8") < Cdpn(S', S").

Besides the upper-boundedness property for conformal structures, we shall use the fol-
lowing stronger property, which we call Shiga’s property, because it was used in a similar
context in Shiga’s paper [17].

We say that a conformal structure S satisfies Shiga’s property with respect to P if there
exist two positive constants § and M such that the following holds

VC; € fP, s < ls(C,') <M. (2)

Like for the upper-boundedness condition, we shall say that a conformal structure satisfies
Shiga’s property if it satisfies such a property for some pair of pants decomposition, or if it
satisfies it for a pair of pants decomposition which is understood.

One of the main results in this paper is the following, the proof of which appears at the
end of Sect. 3 (Theorem 3.5).
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Theorem 1.3 Let Sy be a conformal structure on ¥ satisfying Shiga’s condition (2) and
let T(S0)gc be the corresponding quasiconformal Teichmiiller space. For any element S of
T4c(So) and for any positive constant D, there exists a positive real number C that depends
onlyond, M, D and dj;(So, S) such that if two elements Sy and Sy of Ty¢(So) are in the open
ball of centre S and radius D, then dpy(S1, $2) < Cdjs(S1, S2).

From Theorems 1.1, 1.2 and 1.3, we deduce the following.

Theorem 1.4 Let Sy be a conformal structure on % satisfying Shiga’s condition. Then we
have a set-theoretic equality Tyc(So) = Ti5(S0) = Trn (So), and the identity map between
any two of the three spaces with their respective metrics dyc, djs and dry is locally bi-Lips-
chitz.

This implies in particular that under Shiga’s condition, Jy4(Sp) is locally bi-Lipschitz
equivalent to the sequence space £°°. It also implies that the Fenchel-Nielsen Teichmiiller
space Ty (So), as a set, does not depend on the choice of the pair of pants decomposition
of Sp, and that the identity map between two Fenchel-Nielsen spaces with the same base-
point and corresponding to different pairs of pants decompositions is a locally bi-Lipschitz
homeomorphism. (In particular, the topologies induced are the same.)

In particular, under Shiga’s condition, Ty, is, like the other two spaces, contractible.

We then show (Theorem 4.5 in Sect. 4) the following result which shows that if we remove
the hypothesis on Shiga’s condition in Theorem 1.3, the conclusion may not hold:

Theorem 1.5 If Sy is a conformal surface of infinite topological type with a pair of pants
decomposition P = {C;} such that there is a subsequence of {C;} contained in the interior
of So whose hyperbolic lengths tend to zero, then the identity map between the Teichmiiller
space (T4¢(So), dyc) and its image in (J;5(So), dye) is not locally bi-Lipschitz.

(Recall that by Wolpert’s inequality there is always a set-theoretic inclusion Jy.(So) C
T15(S0).)

The above results and their proofs, although they are formulated for surfaces of infinite
topological type, apply with little changes to surfaces of finite topological type. In the latter
case, all Teichmiiller spaces coincide setwise. Some of the results we obtain here for surfaces
of infinite type are known to be true for surfaces of finite type, but we also obtain some new
results. We consider the case of surfaces of finite topological type in Sect. 5.

We first have the followig:

Corollary 1.6 For any Riemann surface of finite topological type and of negative Euler
characteristic which is not homeomorphic to a pair of pants, the identity map between the
Teichmiiller and the length spectrum metrics on J(S) is not a quasi-isometry.

In the case of a surface of finite type with punctures and nonempty boundary, we intro-
duced in the papers [13] and [14] a metric on Teichmiiller space which we called the arc
metric and which we denoted by 6, . The definition is analogous to the length spectrum met-
ric, but it uses lengths of arcs instead of lengths of closed curves. This definition is recalled
below (Eq. (13). (Note that in the notation 8, L is just part of the notation, used to recall the
word “Length”; it is not a parameter.)

For such a surface, we let D be the set of boundary components of S.

We recall that for a surface of finite type and for € > 0, the e-thick part of Teichmiiller
space, denoted by T, is defined as the space

Te(S) ={X € T(S) | ¥y € 3,Ix(y) = €}
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where 8 denotes the set of homotopy classes of simple closed curves on ¥ that are not
homotopic to a point or to a puncture (but they can be homotopic to a boundary component).

For surfaces of finite type with nonempty boundary, for € > 0 and €y > €, we introduce
the ep-relative e-thick part of Teichmiiller space, denoted by T ¢, as the subset of the e-thick
part of Teichmiiller space defined as

Teeo(8) ={X € T(S) | Yy €8,Ix(y) = e and V6 € D, Ix(y) < o}
We prove the following (Theorem 5.3 below):

Theorem 1.7 Let S be a topologically finite type surface. For any € > 0 and any €y > e,
the identity map between any two of the three metrics dys, dyc and 81 on T¢ ¢,(S) is globally
bi-Lipschitz, with a bi-Lipschitz constant depending only on the topological type of S, on €
and on €.

In the case where the surface S is of finite type and with empty boundary, then we also
have a similar statement for the e-thick part of Teichmiiller space (Theorem 5.4 below).

2 The three Teichmiiller spaces

In order to make the paper self-contained and for the convenience of the reader, we recall
the precise definitions of the three Teichmiiller spaces that we associate to a surface of infi-
nite topological type, namely, the quasiconformal Teichmiiller space, the Fenchel-Nielsen
Teichmiiller space and the length-spectrum Teichmiiller space. These spaces were considered
in the papers [2,3], and [12].

We start with the quasiconformal Teichmiiller space T (So). In this definition the hyper-
bolic metrics do not play a significant role, and when such a metric appears in the quasi-
conformal Teichmiiller space, we only use its underlying Riemann surface structure. More
precisely, the elements of T,.(So) are the homotopy classes of conformal structures S on X
such that the identity map between X equipped with Sp and S on the domain and on the target
respectively is homotopic to a quasiconformal map. The space T, (Sp) is equipped with the
quasiconformal metric, also called the Teichmiiller metric, in which for any two homotopy
classes of conformal structures (£, S) and (£, §), their quasiconformal distance dyc(S, S')
is defined as

1
dge(S,8') = 5 loginf{K(f)} 3

where the infimum is taken over the set of quasiconformal dilatations K (f) of quasicon-
formal homeomorphisms f : (¥, S) — (X, S’) which are homotopic to the identity. Here,
we are using the notation (X, S) to say that S is a marked structure (conformal or hyperbolic)
on the surface S, with the marking being the identity map.

The conformal structure Sy is the basepoint of T, (So).

We now recall the definition of the Fenchel-Nielsen Teichmiiller spaces T gy (So). In this
definition we use the intrinsic hyperbolic metric associated to a conformal structure, and we
refer the reader to the discussion in the introduction regarding the pair of pants decomposition
rendered geodesic with respect to the intrinsic hyperbolic metric. The definition of T ¢y (So)
is relative to the choice of a (topological) pair of pants decomposition P = {C;} of ¥, and
to the Fenchel-Nielsen coordinates associated to that decomposition. The definition of the
Fenchel-Nielsen parameters is similar to the one that is done in the case of surfaces of finite
type, and we considered them in detail for surfaces of infinite type in [2].
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Let S be a (homotopy class of a conformal) structure on X. To each homotopy class of
closed geodesics C; € P, we consider its length parameter [s(C;) as defined in §1 above,
and its twist parameter 65(C;), which is defined only if C; is not the homotopy class of a
boundary component of X. The twist parameter is a measure of the relative twist amount
along the geodesic in the class C; between the two generalized pairs of pants that have this
geodesic in common. The twist amount per unit time along the (geodesic in the class) C;
is chosen so that a complete positive Dehn twist along C; changes the twist parameter by
addition of 2.

Thus, for any conformal structure on S, its Fenchel-Nielsen parameters relative to P is
the collection of pairs

((Us(Ci), 0s(Ci)))i=12....

where it is understood that if C; is homotopic to a boundary component, then there is no twist
parameter associated to it, and instead of a pair (I5(C;), 8s(C;)), we have a single parameter
I5(Ci).

Now given two conformal structures S and S” on I, their Fenchel-Nielsen distance (with
respect to P) is

Is(Ci)
Ls/(Ci)

again with the convention that if C; is the homotopy class of a boundary component of X,
then there is no twist parameter to be considered.

Two conformal structures S and S’ on X are said to be Fenchel-Nielsen bounded (rela-
tively to P) if their Fenchel-Nielsen distance is finite. Fenchel-Nielsen boundedness is an
equivalence relation.

We say that two hyperbolic structures S and S” on T are equivalent if there exists an
isometry (X, S) — (X, ") which is homotopic to the identity. Now given our basepoint
So of Teichmiiller space, the Fenchel-Nielsen Teichmiiller space with respect to P and with
basepoint Sy, denoted by Tz x (So), is the space of equivalence classes of conformal structures
that are Fenchel-Nielsen bounded from Sy relative to P.

The function dry defined above is a distance function on Tryn(Sg) and we call it the
Fenchel-Nielsen distance relative to the pair of pants decomposition . The map

TrN(S0) 2 H = (log(l (Ci)) — log(lsy(Ci)), Iu(Ci)Ou (Ci));—y 5. € £

is an isometric bijection between T g (So) and the sequence space £°°. It follows from known
properties of £°°-norms that the Fenchel-Nielsen distance on T gy (Sp) is complete.

Finally, we recall the definition of the length-spectrum Teichmiiller space T, (So) with
basepoint Sp. Again, in this definition we use the intrinsic hyperbolic metric associated to a
conformal structure, see the discussion in the introduction.

We recall that 8 denotes the set of homotopy classes of simple closed curves on X that are
not homotopic to a point or to a puncture. We first define the length-spectrum constant L( f)
of a homeomorphism f : (Z, §) — (Z, §’) where S and §’ are two (homotopy classes of)
conformal structures on ¥ as

log

drn(S,S’) = sup max(
i=12,..

Ns(CiBs(Ci) — 15/(Ci)9y(Ci)|), “

L(f) = sup
aed

This quantity L(f) depends only on the homotopy class of f, and we say that f is
length-spectrum bounded if L(f) < oo.

[ly(f(ot)) Ls () ]
Is@) "lg(flea) ]
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We consider that two hyperbolic metrics (X, S) and (X, §”) on X are equivalent if there
exists an isometry (or, equivalently, a length spectrum preserving homeomorphism) from
(2, 8) to (2, §") which is homotopic to the identity. The length spectrum Teichmiiller space
T15(So) of ¥ with basepoint Sy is the set of homotopy classes of conformal structures S on
3 such that the identity map Id : (2, Sp) — (£, S) is length-spectrum bounded.

The length-spectrum metric djs on Tj5(Sp) is defined by taking the distance dj (S, S”)
between two points in that space to be

dis(S, S = % log L(Id). 5)

where Id is the identity map between (2, S) and (T, S’). (We note that the length-spectrum
constant of a length-spectrum bounded homeomorphism depends only on the homotopy class
of such a homeomorphism.)

3 On the Fenchel-Nielsen distance and the length spectrum distance

Let S be a hyperbolic structure on the surface of infinite topological type S and let P = {C;}
be a geodesic pair of pants decomposition of S.

Lemma 3.1 Ler § < M be two positive constants such that each C; € P satisfies § <
Is(C;) < M. Then, for each C; € P, we can find a simple closed geodesic B; satisfying the
following properties:

(1) B intersects C; in a minimal number of points (this number is one or two);

(2) B; does not intersect Cj, for any j # i;

(3) there is a constant L depending only on § and M such that ls(B;) < L;

(4) the sine of the intersection angle (or of the two angles) of B; with C; is bounded from
below by a positive constant that depends only on M.

Proof Topologically, the curves §; are represented in Fig. 1. Using the inequalities § <
Is(C;) < M, an upper bound L for Is(f;) is obtained by estimates on hyperbolic right-
angled hexagons and pentagons. Using the upper bound L for /g(8;) and the upper bound M
for I5(C;), we can prove that sin 6 has a positive lower bound depending on L and M. We
refer to Lemma 7.5 in [2] for the details of the proof. O

Now we fix an element C; € P and we let T/ : S — S; be the time-t Fenchel-Nielsen left
twist deformation of S along C;. (At time #, we twist by an amount equal to ¢ measured on
the curve C;.)

Let B be a simple closed geodesic on S. For all ¢ in R, we denote by §; the simple closed
geodesic in S; homotopic to 7/ (B) and we let [;(B) =I5, (B;) be its hyperbolic length. (Note
that the class of B; is the same as the class of 8 when we consider the hyperbolic structures
as being on the same fixed base surface, or as marked surfaces with respect to a fixed base
surface). The intersection angle of C; and B; at a point p € C; N B; (measured from C; to
B:) is denoted by 6;(p).

All angles used in this paper take their values in the interval [0, ].

We shall use the following formulae due to Wolpert [19], concerning the first and second
derivatives of the Fenchel-Nielsen flow. We use the formulation in Weiss [18] p. 281).
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Bi

Fig. 1 The two cases for the curve B; used in the proof of Lemma 3.1. In each case, we have represented the
simple closed curves C; and B;

Lemma 3.2 For any simple closed geodesic B, the function t — 1,(B) is real-analytic, and
we have

dl
:fmﬂ= > cosb(p)
peCing
and
d’l,(B) el 42 _ AP+,
7|z=o = — 2B — 1) sin@(p) sinO(q) + Zp: e sin” @ (p).

In the right hand side of the last equality, the first sum is taken over the set of ordered pairs
of distinct points p, q in C; N B, and |1 and I are the lengths of the two subarcs that they
subdivide on B, and the second sum is taken over all points p in C; N B.

We shall use special cases of the above formulae, where § intersects C; either in one or
in two points.

In the case where 8 and C; have only one intersection point p, with intersection angle
6(p), the formulae become

dl; (B)
dt

lr=0 = cos6(p)

and

L), [P+
a2 "0 T 2E® 1)

sin 0 (p).

In the case where B and C; have exactly two intersection points, denoted by p; and p»,
the formulae become

dl,(B)
dt

lr-=0 = cos&(p1) + cosb(p2)

and

d’l,(B) el +eb , e® 41
dr2 li=0 = (el(ﬁ) - sin@(p1) sin6(p2) + m

(sin®0(p1) + sin® 0(p2)).
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‘We now consider multi-twists, that is, compositions of twist maps along a family of disjoint
simple closed curves.

Weletr = (t;),i = 1,2, ...be asequence of real numbers, and for any real number ¢t we
denote by T’ : § — S, the multi-twist obtained by twisting an amount of #; along each curve
C;.

Fort = (#;),i =1,2,...,weset |t| = sup;,_; 5 |ti].

Proposition 3.3 Assume there exist two positive constants 8§ and M such that each C; € P

satisfies § < 15(C;) < M. If sup, g |log 45| < D, then

where C is a constant depending on §, M and D.

Proof 1t suffices to prove that foralli = 1,2, ..., < C SUPges | log %L where C is a
constant that depends on §, M and D and that does not depend on i.
For each i, we let 8; be the simple closed geodesic given by Lemma 3.1. We shall apply

the hypothesis | log ll’((g)) | < D to B = B; and show that

Vi=1,2,...,]t]| <C|log (6)

I (Bi) '
1) |
Note that the length /,(8;) is affected by the twist along C;, and not by any twist along 8;
for j #i.
From (6), we will then get
Li(B)
L(Bi)

I:(B)
I
< s o 1

log

)

7] = sup{|s;|} < Csup
Bi

which is what we need to prove.
Thus, we now prove (6). We only need to assume that

§D7

<D.

Without loss of generality, we can assume that #; > 0. In the following estimates, we can
restrict our attention to the pair of pants (or two pairs of pants) that contains C;, since we
only need to consider the ratio ZZ((E?))~ We denote #; = t for simplicity.

There are two cases:

Case 1 : C; intersects f; at a single point p € S. Let 6 be the angle at that intersection point.

By Lemma 3.1, there are positive constants pg = po(M) and L = L(§, M) such that
sinf > pp, [(B;) < L. Since the function t — [,(B) is real-analytic, we can write down the
second-order Taylor expansion at each ¢

dl;(B)

L(B) (' = 1)?
Cdr 2

t —t%).
TP o =Py

ly(B) =1:(B) + ' =0+
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From Lemma 3.2, we obtain
B 4 1

.2 ) 2
Ay S0 =)+, ()

Lo (Bi) = 1;(Bi) +cos6; - (1 — 1) +
where 6;, is, as above, the intersection angle of C; and § in the hyperbolic metric S;.
We now use the following result of Kerckhoff [9]:

Lemma 3.4 The functiont — 1;(B;) is strictly convex and the function t + cos 6, is strictly
increasing.

In particular, if /; (8;) attains its minimum at #y, then cos 6;, = 0 (or, equivalently, 6;, = %).
When ¢ < 19, cos; < 0 and when t > ¢, cos6; > 0.

We set |10g lll((g’))l =n < D. Then e™ < l;((él)) < el Sincel —e” <em—-1<
L(Bi)

_ n_
16 l1<e 1, we have

L (Bi
1:(Bi) — LB = 1(B) ;((5))

< 1(Ble" — 1]

=16 (n+ 20 )

n>2

By assumption, /(B;) < L and n < D. As a result,

anl
— | n=e)Ln, ®)

n

(B = 1B < L {1+

n>2

where e(D) is a constant that depends only on D.

Let A > 0 be a fixed sufficiently small constant, to be determined later.

First assume that cosf > M. Applying the mean value theorem to the function f(r) =
I;(B;) on the interval [0, z] and using the fact that f’(r) = cos 6;, we have

li(Bi) — L(Bi) = cosOct, (C))

for some & € [0, t].
Since cos 6 > cosf > A (Lemma 3.4), combining (9) with (8), we have

LB 1) _ (D)L
cos O S

If |cos O] < A, we let B/ be the unique geodesic on S homotopic to the image of ; under
the action of a positive Dehn twist along C;. Note that the hyperbolic length of 8/ is bounded
by L + M and, in fact, ,Bl.’ = Ir(B;), where T = [g(C;) > §. The value T is the time needed
for a full Dehn twist along g;.

It is clear that ,Bi’ also satisfies the properties (1)—(3) in Lemma 3.1. Property (4) follows
then from these three (see the proof of Lemma 7.5 in [2]). Let p’ be the intersection point of
C; with B/ and 6’ be the corresponding intersection angle. Thus, there is a positive constant
o1 = p1(L + M) such that sin® > p;. Let p = min{pg, p1}.

We want to give a positive lower bound for cos 0’.
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Since the hyperbolic length of /;(8;),0 <t < T is bounded above by L + M and since

X . . . .
i*ﬂ is a strictly decreasing function of x, we have

1t (Bi) L+M
e +1 e +1
AT >eL+M_1’ forO<¢<T. (10)

LMy
Letusset K = 1y

From Wolpert’s formula (Lemma 3.2), the second derivative with respect to ¢ of the length
function /; (B;) is equal to

L (Bi)
e +1 5
m S 9;. (11)
Inequality (10) shows that
L (Bi)
e +1 . ) )
vVt € [O, T], msln Ot > K sin 91. (12)

Thus, for 0 <t < T, the second derivative of /;(f;) with respect to ¢ is bounded below
by K sin®6;.

For 0 <t < T, we have sinf, > min{sin@, sinf7 = sin@’} > p, since sinf > py and
sinf’ > py.

Thus, we have, using (12),

2 .
d cos 6, _ d-l;(Bi) . sz.
dt dr?
As aresult, and applying again the mean value theorem,

cos® —cos@ > Kp>T > Kp>$.

2
Now we set A = %ﬁ. Since |cos@| < A and cos @’ — cosf > 2A, we have cos @’ > A. The
same arguments used in the first subcase show that
_ e(D) L+ M)
= N .
The remaining subcase is when cos9 < —A.
Since sinf > pg, we have —,/1 — ,03 < cosf < —A. By Lemma 3.4, if [;(f;) attains its

minimum at #y, then #p > 0. This uses the fact that cos < 0. Set N = [r9] + 1. Since ; (B;)
decreases and sin 6, increases when ¢t € [0, 7], we have

B 41 o2 = el B 41
By —q M =

T sing?> & 12fre[Ot]
el(ﬁi)_]sm = TP for , ol

As a result, the first order derivative of cos 6; satisfies

d cos 6, - el +1
dt ~ 4l 1)

o3, fort € [0, 7).

Note that 1y is exactly the value when cos 6; equals 0, and so it follows that

L
1
V11— pg > coS b, —cosf > 4(6#7_{;1),0&0.
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This shows that N is bounded above by

4t —1y1-0;
D P2

+ 1.

Let 51.N be the geodesic on S homotopic to the image of §; under an N-order Dehn twist
along C;. The intersection angle 6y of C; and ﬁl.N satisfies cos Oy > 0 and the length of ,BI.N
is bounded above by L + N M. By repeating the same argument as above, we complete the
proof of Case (I).

Case 2 : §; intersects C; at two different points py, p» (and we denote the intersecting angle
by 0; and 6, respectively).
In this case, we consider the formula

[;(Bi) = 1(Bi) + (cos B +cosbr) -t

l1 > [(Bi) 2
el +e ) . e+l .2 ! 2
+((€l(,3,)_1) Sin 6] sin 92 =+ m(sln 9] =+ sin 92) . E —+ O(t )
By Lemma 3.1, there are positive constants pg = po(M) and L = L(§, M) such that
sinfy, sinf, > pg, and [(B;) < L (and then m > ﬁ). As a result, one checks that

el P41
20! 1)

el 4eh2
(el(ﬁf)—l)
po and L.

sin 0} sin 6 + (sin2 0 + sin? 6>) > A, for some constant A depending on

Now fix a sufficiently small constant 0 < A9 < %8 .If cos 01 + cos 6> > A, using again
the mean value theorem for the function t — [;(;), it is easy to show that

e(D)Ly

1] <
AQ

If | cos 01 + cos 6| < Ag, then we replace B; by its image ,Bl./ under the action of positive
Dehn twist along C;. Let 9{ and Gé be the intersection angles of C; and ﬂi’ , then the same proof
as Case 1 shows that | cos 9{ + cos 9é| > Xo. As a result, we also have |f| < %:—ZM)H.
If cos 01 + cos B> < —Xp, then we have to replace §; by the image of 8; under the action of
an N —order Dehn twist along C;, denoted by /Sl.N , such that l(,BiN ) < L + NM and the two
intersection angles of C; and ﬂiN are non-negative. To give a upper bound of N, we use the
same argument as the last step of Case 1, observing that the two intersection angles have the
same behavior under a Fenchel-Nielsen twist deformation. O

Now we can prove the following

Theorem 3.5 Let So be a conformal structure satisfying Shiga’s condition (2), let § (So)
be the corresponding length-spectrum Teichmiiller space and let S be a point in Ti5(So). If
dis (S, S1) < D and dis(S, S2) < D for some positive real number D, then dpy (S, $2) <
Cdjs(S1, $2), where C is a positive constant that depends only on §, M, D.

Proof There are positive constants §; and M1, depending on 8, M and D, such that for each
C; € P, its hyperbolic length in S satisfies

81 =I5, (C;) < M.
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By assumption, djs(S1, S2) < 2D. Then by Proposition 3.3,
drn (81, 82) < dpn(81,S) +drn (S, $2)
< (C + 1)dis(S1, $2)

where C is a positive constant depending on 8y, M and D. O

4 The Teichmiiller distance and the length spectrum distance

In this section, we show that the result in Theorem 1.4 is false if we remove Shiga’s condition.

Let Sp be a conformal structure on the surface (of infinite type) X and T,.(So) be its
quasiconformal Teichmiiller space, let S be an element of T,.(So) and let « be a simple
closed geodesic on S. As before, we denote by S; be the hyperbolic surface obtained by the
time-# Fenchel-Nielsen twist deformation of S along «. Recall the following proposition,
which is a direct corollary of Lemma 7.4 in [2].

Proposition 4.1 Let T be a positive constant. For |t| < T, we have
dge(S, 8) = Cle,
where C is a positive constant depending only on T.

To compare the Teichmiiller distance dy.(S,S;) and the length spectrum distance
dis (S, S;), we show the following inequality.

Lemma 4.2 For |t| < |21logl(a)|, we have:

i(a, y)lt|

1
di(S,S) < <log
' Y =2 vliwp2o Ls(¥)

Proof Without loss of generality, we can assume that ¢ > 0. For any simple closed curve
satisfying i (B, @) # 0, let [5, (8) denote the hyperbolic length of 8 in S;. From the definition
of the Fenchel-Nielsen twist, we easily have

Is(B) —ila, Pt < Is,(B) = Is(B) +i(a, )1

Note that by the collar lemma, left-hand side is positive for |¢| < |2log/s(x)|.
The length spectrum distance can be written as

Ls, (¥) llogsup Is(y)
Is(y) 2 y s ) |’

where the supremum is taken over all essential simple closed curves y.
The hyperbolic length of a (homotopy class of) simple closed curve y satistying i (¢, y) =
0 is invariant under the twist along «. As a result, we have

Is,(y) 1 Is(y)
p , = log sup .
Y20 s 2 7 yli@p20 Is, (V)

1
dis (S, S;) = max[ log sup
2 Y

1
dis (S, S;) = max [ 5 log

For any simple closed curve y with i(«, ) # 0,

o ls,(r) _ ‘ Is(y) + il y)t| _ (e, y)t
Isty) — Is(y) - Is(y)
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and
Is(y) < log ls()./) - i(a, y)t.
Is,(v) Is(y) —i(a, y)t Is(y)

Then we have

1 i(a, )t
dis(S, 8) < = sup .
2 Jli@y)z0 Is(¥)

[m}

Note that if /g(a) < L, then it follows from the collar lemma that there is a constant
C depending on L such that for any simple closed geodesic y with i(«, y) # 0,Is(y) >
Ci(y,a)|logls(a)|. Then Lemma 4.2 gives:

Lemma 4.3 Let L be a positive constant and let T be a positive constant < |2log L|. If
Is(a) < L, then there is a constant C depending on L such that
|7]

dig(8,8) < —
15551 = e ogls@)]

Combining Proposition 4.1 and Lemma 4.3, we have

Theorem 4.4 Let L be a positive constant and let T be a positive constant < |2log L|. If
Is(a) < Land0 < |t| < T, then there exists a constant C depending on L and T, such that

dgc(S, Sp)

> C|logls(a)].
dy(S. 5~ Cllogls@)

As an application, we show

Theorem 4.5 If Sy is a conformal surface of infinite topological type with a pair of pants
decomposition P = {C;} such that there is a subsequence of {C;,} contained in the interior
of So whose hyperbolic lengths tend to zero, then the identity map between the Teichmiiller
space (T4¢(So), dyc) and its image in (J;5(S0), dgc) is not locally bi-Lipschitz.

Proof By assumption, there is a subsequence {C;, } of elements of P with hyperbolic length
Is,(Ci,) = € — 0. For any fixed 1, let Sy ; be the hyperbolic surface obtained by the time-¢
Fenchel-Nielsen twist deformation of Sy along C;,. By Theorem 4.4, there is a constant C,
depending on the maximum of €; and |¢|, such that

d;(So, S
qc( 0 k,t) > C|10g€k|~
dis(So, Sk.1)
Since log € — 00 as €9 — 0, we have
i dqc(SO» Sk,t) _
k—o00 djs(So, Sk,1)

To see that the identity map between d,. and dj; is not locally bi-Lipschitz, we reason
by contradiction. Assume there are constants Cy, Ca, such that for any S € T,.(So), if
dis(So, §) < C1, then dyc(So, S) < Cadjs(So, S).

Consider S ; as above, and note that the Teichmiiller distance is controlled by . In fact,
if [t| < T and I5,(C;,) < L, we have

dqc(Sv Sk,t) = C|t|»

@ Springer



106 Geom Dedicata (2012) 157:91-110

where C is a constant depending on T and L. See [2, Lemma 8.3] for the proof. As a result,
for any k, we can choose || sufficiently small such that djs(So, Sk.;) < Ci. However, we
have shown that as k — oo,

dqc (SO» Sk,t)
dis(So, Sk.r)

which contradicts the assumption that d;(So, S) < Cadjs(So, S). O

The following is an analogous result, with a sequence {Si} in T,.(So), such that
dyqe(So, Si) — oo, while djs(So, Sk) — 0.

Example 4.6 Let Sy be a conformal structure of infinite type with pants-decomposition P =
{C;}, such that there is a subsequence of {C;}, contained in the interior of Sp, with hyperbolic
length I5,(C;,) = € tending to zero. Let Si be the hyperbolic surface obtained by time-#;
Fenchel-Nielsen twist deformation of Sy along C;, . Here {1 } is sequence of positive constants
tending to infinity and satisfying |lofg7kek| — 0. Then it follows from the proof of Lemma 4.2

that dj5(So, Si) < ngek\ — 0. On the other hand, the fact that d;.(So, Sx) — oo follows

from Lemma 7.2 in [2].

5 The case of surfaces of finite type

In this section, we consider a hyperbolic surface § = S, , of finite topological type, of
genus g with m punctures and n boundary components and of negative Euler characteristic.
It follows from our assumptions that when we equip such a surface with a conformal or a
hyperbolic structure, then around each puncture, S has a neighborhood which is conformally
equivalent to a punctured disk, and around each boundary component, S has a neighborhood
which is conformally equivalent to an annulus. It is known that in this finite-type case we
have the set-theoretic equalities T (S) = T5(S) = Trn(S), and we shall simply denote
the Teichmiiller space of S by J(S) unless a particular metric has to be specified.

The reader will notice that Proposition 4.1, Lemmas 4.2 and 4.3 and Theorem 4.4 are
valid for any Riemann surface, whether it has finite or infinite topological type.

From Theorem 4.4, we deduce the following, by varying the length of the curve «.

Corollary 5.1 For any Riemann surface of finite type of negative Euler characteristic which
is not homeomorphic to a pair of pants, the identity map between the Teichmiiller and the
length spectrum metrics on T(S) is not a quasi-isometry.

Remark 5.2 In the case where the surface is a pair of pants, although Corollary 5.1 cannot
be deduced from Theorem 4.4, it is also true. Let us see this on the Teichmiiller space of a
surface of genus 0 with three boundary components; for the pairs of pants with one or two
geodesic boundary components, we can do a similar reasoning. (For pair of pants with no
geodesic boundary components the corollary is false since the Teichmiiller space is reduced
to a point.) Let us take an element S in the Teichmiiller space represented by a hyperbolic
pair of pants with three boundary components of length equal to 1, and for each n > 2, let
us take an element represented by a surface S, € J(S) with three boundary components of
length equal to n. Then we have
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Note that any geodesic arc connecting perpendicularly two boundary components of S, has
length approximately 2¢™". By reasoning on the doubles of S and S,,, we see that

n
qu(Ss Sﬂ) Z 5

This shows that d,; and djy are not quasi-isometric.

In the same case (of a surface a homeomorphic to a pair of pants), it follows for instance
from Bishop’s computations in [6] that the identity map between the Teichmiiller metric and
the length-spectrum metric is locally bi-Lipschitz. Note also that in this case the length-spec-
trum distance and the Fenchel-Nielsen distances are the same.

The result of Corollary 5.1, for surfaces of finite conformal type (that is, without bound-
ary) was obtained independently and by other methods by Choi and Rafi in [7] and by Liu
et al. in [15]. The result for surfaces of infinite topological type was obtained by Liu and
Papadopoulos in [12]. The result for finite type surfaces with boundary is new.

To state other results for surfaces of finite type, we recall the definition of a metric that we
introduced in [13] on the Teichmiiller space of such a surface. The definition of this metric
uses the set of homotopy classes of arcs on S. Let us give the precise definition.

An arcin S is the homeomorphic image of a closed interval whose interior is in the interior
of S and whose endpoints are on the boundary of S. All homotopies of arcs that we consider
are relative to 9., that is, they leave the endpoints of arcs on the set d.S. An arc is said to be
essential if it is not homotopic (relative to 95) to a map whose image is in 9S.

We let B = B(S) be the union of the set of homotopy classes of essential arcs on S
with the set of homotopy classes of simple closed curves which are homotopic to boundary
components.

Given an element y of B and an element X of the Teichmiiller space T(S), the length of y
with respect to X, denoted by Ix () is defined, in analogy with the length of an element of S,
as the length of the unique geodesic arc homotopic to y in a hyperbolic metric representing
X.

In [13] and [14] we studied the following metric on J(Sg .,). For X and Y in this space,
we set

l l
Sp(X, Y)=logmax( sup Y(y), sup X(y)). (13)
yeSuB X()cguB Iy (V)
We showed that this function §;, defines a metric, and that this metric is also given by
l l
Sp(X,Y) =10gmax(sup Y(y), sup X(y)). (14)
yeBIxW) 3 lv(y)

We call §;, the arc metric on the Teichmiiller space of the surface with boundary.

Any hyperbolic surface of finite type S, obviously satisfies Shiga’s Condition (2), and
Theorem 3.5 applies to such a surface. Let L be an upper bound for the hyperbolic length of
the boundary geodesics of Sg ;. . A result by Bers [5] says that there exists a pants decom-
position of § with an upper bound L for the lengths of the decomposition curves, with Lg
depending only on g, m, n and L.

We shall use the following classical terminology.

Given a positive real number €, the e-thick part of the Teichmiiller space of S, denoted by
T (S), is defined as

Te(S) ={X € T(S) | Vy €8, Ix(y) = €}.
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We let D be the set of boundary components of S. We shall use the following terminology
that was introduced in [14].

For € > 0 and €y > ¢, the €(-relative e-thick part of Teichmiiller space, denoted by T ¢,
is the subset of the e-thick part of Teichmiiller space defined as

Te,eo(S) ={X € T(S) | Vy €8,Ix(y) = eand V8 € D, Ix(8) < €o}.

We prove the following:

Theorem 5.3 Let S be a topologically finite type surface. For any € > 0 and any €y > ¢,
the identity map between any two of the three metrics djs, dgc and 81 on Te ¢,(S) is globally
bi-Lipschitz, with a bi-Lipschitz constant depending on the topological type of S, on € and
on €.

Proof We first prove that the identity map
Id: (Te,ep- dis) = (Te,epr dye)
is globally bi-Lipschitz. More precisely, we prove that for any X, Y € T, 1, we have
dis(X,Y) <dge(X,Y) < Kdis(X,Y). (15)

where K depends on the topological type of S, € and €.

The left hand side inequality in (15) follows from Wolpert’s lemma.

From Theorem 1.4 applied to surfaces of topological finite type, for any D > 0, if
X,Y € Tc L withdjs(X,Y) < D, we have dye(X,Y) < Cdig(X, Y), where C depends on
D, on the topological type of S, on € and on €p. Therefore, if djs(X, Y) < D, the right hand
side inequality of (15) is satisfied. (We could take, for example, D = 1.)

Now assume that djg(X,Y) > D. From (12) of Theorem 6.3 in [13], dyc(X,Y) <
6r.(X,Y) + D. From Theorem 3.6 in [14], 6.(X,Y) < dp(X,Y) + K. Thus, we have
dge(X,Y) < dis(X,Y) + D + K. This gives

dge(X,Y) < dis(X,Y) + K1,
where K is a constant depending only on the topological type of S, on € and on €.
As di;(X,Y) > D, we have
K Ky
Ky = ED < des(X, Y),

and
K,
dge(X,Y) < (1 + B)d”(x’ Y).

This proves the right hand side inequality of (15) in all cases.
It remains to show that the identity map

Id : (76,601 dis) — (‘Te,eo’ 5L)

is globally bi-Lipschitz. We use results proved in [13] and [14] on the natural embeddings
between the Teichmiiller space T(S) and the Teichmiiller space T(85%) of the double S¢ of
S. From the proof of Theorem 3.3 of [13], this embedding is distance-preserving for the
quasiconformal metrics on the two spaces. From Corollary 2.8 of [14], this embedding is
distance-preserving with respect to the metric §; on T(S) and dj; on ‘J'(Sd ). Furthermore,
Proposition 4.2 of [13] shows that the natural embedding T(S) — T(S 4y sends an ep-relative
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e-thick part of T(S) to an €’-thick part of T(S9). We already showed that on such an €’-thick
part of T(S¢), the identity map between the quasiconformal and the length spectrum metrics
is globally bi-Lipschitz. Therefore, the identity map between the quasiconformal metric and
the arc metric 87, on the €p-relative e-thick part of J(S) is globally bi-Lipschitz. O

In the case of a surface S of finite type, we define more simply, for € > 0, the e-thick part
of J(S), denoted by T(S), as

Te(S) ={X € T(S) | Vy €8, Ix(y) = €}.

We have the following theorem, analogous to Theorem 5.3. The proof is similar to the proof
of the first part of Theorem 5.3.

Theorem 5.4 Let S be a topologically finite type surface without boundary. For any € > 0,
the identity map between the two metrics dis, dgc on T¢(S) is globally bi-Lipschitz.

Note that the Fenchel-Nielsen distance is not included in Theorems 5.3 and 5.4.
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